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Abstract. In this paper we use a modified test function method to derive nonexistence results 
for the semilinear wave equation with time-dependent speed and damping. The obtained critical 
exponent is the same exponent of some recent results on global existence of small data solution. 



1. Introduction 

We consider the Cauchy problem for the wave equation with time-dependent speed and damping 
'utt-a(t)Au + b(t)u t = f(t,x)\u\ p , t>0, xeW\ 

< u(0,x) = u (x), (1) 
u t (0,x) = m(x). 

with a(t) > 0, b(t) > 0, f(t, x) > and p > 1. Recently a big effort has been done for proving global 
existence for (UJ). In small data context this means to find an exponent pc such that the local- in- 
time solution can be extended to a global one, for any p > pc- One may ask if this exponent pc 
is critical, that is, if for p < pc a non-existence result can be established. 

In the case a = b = f = 1 Todorova and Yordanov [55] proved that pc = 1 + 2/n is critical. 
The nonexistence result for p ~ pc has been established in [31]. In the case a = f = 1 and for 
b(t) = bo (1 + t) 13 , with |/?| < 1, the exponent pc = 1 + 2/?? is still critical, see [H]. Recently 
global existence of small data solutions for p > pc has been proved in [5] for a general damping 
coefficient b = b{t) sufficiently regular, provided that it is effective, that is, the damped wave 
equation inherits parabolic properties, see [30]. If / = f{f) then the global existence holds for 
p > p, where p depends on the interaction between the asymptotic behaviors of b(t) and /(£), 
see pp. 

On the other hand, if we have a space-dependent damping b(x)u t the critical exponent pc is 
modified by the decaying behavior of b{x), see [15j . For the existence result with damping term 
depending on time and space variables, we address to [TBI 129] , 

If wc consider global existence of classical solutions for semilinear waves with time-dependent 
propagation speed a(i), no damping and / = 1, the range of admissible exponents p for large data 
depend on a(t), see [7] |5J [J2]. If, moreover, / = f(t), this range is modified by the interaction 
between the order of zeros of a(t) and the order of zeros of f(t), see [20]. A global existence result 
for Schrodinger operator with time-dependent coefficients has been obtained in 
The interaction between the coefficients a(t) and b(t) comes into play also if one studies linear 
decay estimates for the wave equation with time-dependent speed and damping, see [3] SJ [3S] . 
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We expect a nonexistence result for weak solution to ([1} for p < p where p depends on the 
interaction between a(t), b(t) and f(t, x). We will use the following definition of weak solutions. 

Definition 1. Let us consider (fTJ) with uq,ui G Lf oc . We assume that a G Lj^ c ([0, oo)), o G 
Wi' e oo ([0,oo)),/6lS : ([0,oo)xR»). 

We say that u G £j, c ([0, co) x R") is a global weak solution to (fTJ) if \u\ p f G L>l oc ([0, oo) x R") and 
for any $ G C c °°([0, +oo) x M") it holds 

($«(*, x) - a(t)A$(t,x) - &(i)$ t (t,ai) - b'(t)$(t,x)) dxdt 
f(t,x) \u{t,x)\ p <$>{t,x)dxdt 

{{ui{x) + u o (x)b{0))$(0, x) - u (x)$ t (0,x)) dx. 



It follows that classical solutions arc weak solutions, and that C 2 weak solutions are classical 
solutions. 

We consider a class of damping coefficients b(t) satisfying the following. 
Hypothesis 1. Let b G C 1 ([0, co)) be such that b(t) > for any t > 0. We assume that 

tb'it) 

1 T^ up W <1 - < 3 > 

Definition 2. Let us define 



b(r) 

Since o(i) > 0, the function B : [0, oo) — > [0, oo) is strictly increasing. 

In Remark \TE[ using ([3]), we will show that b(t) < £ m for some m G [0, 1), therefore 1/b g" L 1 so 
that B(t) is a bjiection. 

Definition 3. Let b(t) > for any t > 0. We define 

0(t) :=expf- [ b( T )dr). (4) 



In Remark [TUl using (J3|), we will show that /? G L 1 (0, oo). Therefore, for any t > 0, we may 
define: 

/oo 
/3(r)oV, S x := (r(O))- 1 = \\P\\^ (0>oo) . 

Theorem 1. Let 6(i) fee as m Hypothesis^ and let us assume that 

• < a(i) < S(i)" a for some a < 1, 

• /(M) £ -B(t) 7 la;) 4 /or some 7 > -I and <5 G M. 

1 2(1+7) s 

Pnun < P < PC = 1 + -Tj ^ + - , (5) 

n(l — a) n 

w/iere 

[7 + a]+ [5] + 
I — a ' n 
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then there exists no weak solution to the Cauchy problem ([TJ) with initial data (uq,ui) G L 1 
satisfying 

(ui(x) + biUo(x))dx > . (6) 



Remark 1. Theorem [T] is meaningful if p m i n (a, 7, S) < pc(a>,j, 6,n). Since a < 1 and 7 > —1, this 
inequality holds if, and only if, 

s > n[ 7 + a]+ -2(1+7) 
1 — a 

In particular, we have the following. 
Example 1. If 7 = —a in Theorem [TJ that is, we assume that 

< o(f) < (B(t))- a , f(t, x) > (B(t)r a \x\* , 
for some a < 1, and <5 > — 2, then a nonexistence result follows for any 

[<*]+ , 2 + 5 
1 + ^- <p< 1 + . 

n n 

Moreover, if we replace the assumption on f(t, x) with f(t, x) > B(t)~ a (x) d , for some d > 0, then 
we may apply Theorem Q] for any S G [0, d], obtaining a range for nonexistence given by 1 < p < 
l + (2 + d)/n. 

For 5 = we get the range l<p<l + 2/n. In particular, we have a counterpart of the global 
existence results proved in [5J [5] for p > 1 + 2/n when a = 7 = 6 = 0. 

Example 2. Let a = <5 = in Theorem [TJ that is, a{t) is bounded and f(t,x) > B(t) 7 for 
some 7 > — 1, and 7 < 2/(n — 2) if n > 3. Then a nonexistence result follows for any 1 + [7]+ < 
p < 1 + 2(1 + 7)/n. In particular, we have a counterpart of some global existence results proved 
in|D. 

In order to prove Theorem [JJ we will use a modified test function method coupled with a careful 
study of the properties of b(t). 

The test function method is based on the scaling invariance property of the operator. Since it works 
for elliptic, parabolic and hyperbolic equations, the corresponding literature is very extensive. We 
only quote the papers in which Mitidicri and Pohozaev explain how a suitable choice of the test 
function gives a nonexistence result. A deep description of this technique can be found in [53], see 
also [21] [22l [24] . Here we use a modified test function method: we apply the scaling argument on 
an associated equation obtained from the original one by means of a multiplication by an auxiliary 
function. 

The scheme of the paper is the following. In order to clarify our approach in Section [2] we 
introduce a general notation and we briefly derive a modified version of the test function method 
for a class of Liouville and Cauchy problems. In Section [3J we prove Theorem [JJ as a corollary of 
the result established in Section |2~21 In Section [TJ we present some other applications of the results 
of Section [2] in particular for non-damped wave equations and for damped wave equations with a 
special mass term. 

The modified test function method can be extended to Liouville problems for differential in- 
equality or for quasilinear operators, as well as one can deal with Cauchy problems for quasilinear 
systems. For the sake of brevity, we will not investigate here these arguments. 
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1.1. Notation. In this paper, all functions are assumed to be measurable. 

- We omit to write R™ when considering spaces of functions defined on W 1 . In particular, 
L p oc stands for L p oc (M. n ) and so on. 

- Given m : R n — > (0, oo), with L p oc (m(x)dx) we denote the space of real functions / such 
that mf £ L p oc 

- With Cc(D) we denote the space of functions belonging to C k (D) with compact support 
in a domain D. 

- Given p > 1, by p' we mean the conjugate of p, that is, p' '(p — 1) = p. 

- By x ■ M or M ■ x we will denote the product of a vector x £ l n with a n x n matrix M 
and vice-versa. 

- In what follows, efc stands for the vector in N™ or N n+1 with zero entries, exception given 
for the fc-th, which assumes value 1. 

- Let be two positive functions on suitable domains. We write A ss B if there 
exist d,C 2 > such that CxA(£) < B{£) < C 2 A(£) a.e. Similarly < B(£) means 
that there exists C > 0, independent of £, such that A(^) < CB{^) a.e. 

2. A MODIFIED TEST FUNCTION METHOD 

In this section we illustrate the modified test function method. First we state notation and 
results for Liouville problems, whose presentation is simpler, then we show how to extend the 
approach to the Cauchy problems. 

2.1. The Liouville problem. We consider the differential Liouville problem: 

L(x,V)u = f(x)\u\ p , i£l ff , (7) 

where Lu is a linear operator of order m, p > 1, and / G L^ c satisfies f(x) > a.e. 
We denote by L* the formal adjoint of L: for any u, v £ it holds 

v(x)L(x, V)u(x) dx = / u(x)L*(x, V)v(x) dx . (8) 

Moreover, we denote by L(a;,£) the symbol of L obtained by means of the Fourier transform. 
For Liouville problem ([7]) we will use the following definition of solution. 

Definition 4. Let g(x) > a.e. be such that if we put 

D(z,V) := g(x)L(x,V) , 
then D* is a differential operator with L^ c coefficients. 

We say that u £ L\ oc is a (weak) g-solution to Q if £ and for any £ C^°, it holds 

f(x)g(x) \u(x)\ p (j)(x)dx = I u(x)D*(x,V)(j)(x)dx . (9) 

Remark 2. Since we look for u £ L P oc (f (x)g(x)dx) and D* has coefficients, both the integrals 
in ([5]) are well-defined. 

Remark 3. If g £ C°° then Definition 2] is equivalent to the definition of weak solution: for any $ £ 
C° it holds 

f(x) \u(x)\ p $(x)dx = I u{x)L*(x,V)${x)dx. (10) 

R N JR N 
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Indeed, D*<f) = L*(g<j>) and 1/g belongs to C°°, hence the application <fi G C°° i-> $ = g<j> G C°° is 
a bijection. 

Given L a differential operator of order m and it G L\ oc n Lf oc (f (x)g(x)dx) which satisfies ([9]) 
(respectively (fit))) ), a density argument shows that the same relation ^ (respectively (fTD|l ) holds 
for any <^> G C™. Arguing as before one the equivalence of ^-solutions and weak solutions for g G C m 
follows. 

Remark 4. Let L be a differential operator of order m with continuous coefficients and let /(x) > 
be continuous. Let u(x) be a classical solution to (J7J, that is, it G C m and Lu(x) = /(x)|u(x)| p . 
Let <?(x) > be in C m . Then £>* is a differential operator with continuous coefficients, and u(x) is 
a ^-solution. Indeed, it G L\ oc PI Lf oc (f(x)g(x)dx) and 

/ /(x) <?(x) |u(x)| p </>(x) cix = / (f>(x) g(x) Lu(x) dx 
Jr n Jm n 

= / 0(x) Du(x) dx = I u(x) D* (j)(x)dx , 
it" Jr« 

for any </; G C£°, where the last inequality holds by density argument. 

By virtue of Remark [31 u is a weafc solution, as yet known being u a classical solution. 

Definition 5. Let N > 2 and Z > 0. We denote by 

Q:={x£R N : \x t \<l, i = l,...,N} , 

the iV-dimensional cube with length 21, centered at the origin. Moreover, for any a G N^, we put 

:= {x G Ci : \xi\ > 1/2 for any i such that a>i ^ 0} , 

and wc notice that Cj C C; \ C// 2 , for any |a| > 1. 
Now we consider 

F f : (0, oo) ->• (0, oo) i = l,...,N, 
strictly increasing, continuous functions with Fi(R) — > oo as R — > oo. Let 

F(R) :=diag{F 1 (R),...,F N {R)) 

be the diagonal matrix with Fi(R) as (i,i)-th entry. 
For any R > 1, we define the TV-dimensional rectangle 

Q fl := x ... x hF w (i?),FAr(i?)], 

that is, 

Qr = {x G R N : maxIx^F^i?))" 1 ! < l} 
is the image of the cube C\ by the matrix F(R). We denote the volume of Qr by \Qk\'> it follows 

\Q R \ := 2 N det F(R) = 2 N F X {R) ■ . . . ■ F N (R) . 

We also put 

Q R := [-F 1 {R)/2,F 1 {R)/2] x ... x [-F N (R)/2,F N (R)/2], 
that is, the image of the cube Ci/ 2 by the matrix F(R). It is clear that \Q R \ = det F(R). 
Finally for any a G N N , we put 

Qr^ := i x e Qr '■ \ x i\ - f° r an Y i sucn that a.i ^ 0} , 

and we notice that Q^ 1 -* C Qr \ Q r , for any |a| > 1. 



6 MARCELLO D'ABBICCO & SANDRA LUCENTE 

Definition 6. For any F(R) as in Definition [5J we denote by S R the scaling operator such that 
for any / : -> R the function S R f : R N — !> R is defined by 

S R f(x) := f{x ■ (F(R))- 1 ) . 

The test function method is based on a suitable choice of compactly supported function which 
multiply the considered equation. 

In one dimensional case we call test function any <I> £ (R) which satisfies 

• $(R) C [0,1]; 

• supp$ C [-1, 1] 

• $ = 1 on [-1/2,1/2]. 

Remark 5. Clearly, there exists an even <f> £ C£°(R) satisfying the previous assumptions and 
decreasing in [1/2, 1]. 

In order to consider the iV-dimcnsional case, one can use a radial reduction and gain spherical 
supports or one can separate the variables and use cubic supports. Here we prefer this second 
procedure. 

Definition 7. Let $ £ C C °°(R) such that supp$ C [-1, 1], $(R) C [0, 1] and $ = 1 on [-1/2, 1/2]. 
In what follows by test function we mean a function ip £ C c °°(l w , [0, 1]) having the following 
structure: 

N 

tf(aO = II*fo)- (11) 
i=i 

For any F(R) as in Definition [5j we put 

JV 

ip R (x) := S R iP(x) = J] ®( x i F i( R )~ l ) ■ 

Remark 6. If -0 is a test function, then supp-0 C Ci and ^ = 1 in Ci/2- Therefore suppipR C Q_r 
and V'i? = 1 in Q R . 

Hypothesis 2. Let g(x) > a.e. be such that D* is a differential operator with Lf£ coefficients, 
which contains no zero order terms, that is, D*(x,0) = 0. We denote by a a (x) its coefficients, i.e. 

D*(x,V):= ^ a a (x)d%. 

1< |a <m 

Remark 7. Given ^ as in Definition [71 for any a £ N w one has suppd^ip C C[ a ' and, analogously 
swpp d^ipR C Q# • In particular Hypothesis [2] implies 

BuppZ>*(^) cCxXd/a, sup P D*(0 fl ) cQ fl \g»j, (12) 

for any test function i/> and any a £ N*. 

Remark 8. It is clear that we also have the following scaling property: 

N 

d^ R = d«(S R *P) = ([[(FiR))-**) S R (d^) . (13) 
j=i 

Lemma 1. Let tp be a test function. For any fixed r > 1 t/iere exists a £ N swc/i i/iai 

(v <T )| r ^ ¥»" » /° r «"FeN, a > |a| r' . 
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The proof may be given by inductive argument on \a\ £ N. 

Now we introduce two quantities related respectively to the linear operator and to the semilinear 
perturbation. 

Definition 8. Let g(x) and a a (x) be as in Hypothesis [2] For any a£N with 1 < |a| < m, we put 

v 

H a (R):='[[F i (R)- a *, (14) 
i=l 

G a (R):= [ \a a (x)f (g(x)f(x))-^'- 1 Ux (15) 



We remark that G a {R) can be a divergent integral of positive functions, that is, G a (R) £ [0, oo]. 
We observe that limfl-j.oc H a (R) = 0, since Fi(R) — > oo for any i = 1, . . . , N . 

Combining the growth behaviour of H a (R) and G a (R) we can state a first nonexistence theorem. 

Theorem 2. Let L(x, V) be a differential operator, f(x) > a.e. and p > 1. Assume that there 
exists g > a.e. such that (L,g) satisfies Hypothesis® 

Suppose that u £ L\ ' Jf(x)g(x)dx) is a global g-solution in the sense of Definition® 

If there exists F(R) as in Definition® such that 

j_ 

lim sup H a (R) G a (R)p' < oo for any 1 < \a\ < m, (16) 

then u(x) = a.e. 

Thanks to Remark ® from Theorem ® we immediately obtain the following. 

Corollary 2. Let L(z, V) be a differential operator, f(x) > a.e. andp > 1. Let u £ L p oc (f(x)dx) 
be a global weak solution in the sense of (|10j) . 

Assume that there exists g £ C rn such that (L,g) satisfy Hypotheses® and there exists F(R) as in 
Definition® such that (|16[) holds. 
Then u(x) = a.e. 

Remark 9. Condition (|16p implies that H a (R) G a (R)~ are bounded and G a (R) is finite for suffi- 
ciently large R. 

Proof of Theorem® Let (L, p, f ) and (g, F(R)) be such that the assumptions of Theorem ® hold. 
Let u £ Lf oc (f (x)g(x)dx) be a g-solution of Lu = that is, © is satisfied. Given R > 1, and 

ip a test function, we put 



Ir ■= / g(x)f(x)\u(x)\ p ip R (x) dx = / g(x)f(x)\u(x)\ p ip R (x) dx , 
I R := [ g(x)f(x)\u(x)\ p yj R (x)dx. 



'Qr\Q' r 

By using (O and (TT^|) together with Holder inequality, since p' jp = p' — 1, we formally obtain: 

uD*i) R {x)dx< I \u\ \D*ip R (x)\dx 



< 



\JQr\Q" r W r \ x ) ) 



8 



MARCELLO D'ABBICCO & SANDRA LUCENTE 



By using (|13p . we may now estimate 

\D*i> R {x)\< J2 K(x)\\d^ R (x)\ < J2 H a (R)\a a (x)\\S R d^(x)\ 

l<|ct|<m 1 < | a | < m 



In order to control the quantities 



=Sr my w (18) 



we choose a particular ip. More precisely we take ip = ip 17 a suitable integer power of a test 
function ip with a € N and a > rap' . By virtue of Lemma [TJ the quantities in (|T8|) arc bounded. 
In particular, the quantity |D*t/^(x)| p V'i? ( ' P (a;) in (fT7)l is well-defined. 
Recalling that supp c^Vfl^) c Q/j , we get 

Ir<{Ir)* E ( [ w K(x)f(g(x)f(x))-V-VdxY 

l<\a\<m \ J Qr / ^g) 

J] H„(iJ)(G a (Ji))F<C(4)^ 

1< a| <m 

where C > does not depend on i?, since H a (R) (G a (R))p' are bounded. 

p 1 — 1 a 

We immediately get that I R < C p := Cp- 1 , being I R p < C. Indeed, P R < I R and p > 1. 
Now we apply Beppo-Levi convergence theorem. Let {-RfcjkgN be a strictly increasing sequence 
with Rk — )■ co as k — )■ oo and so that Fi(Rk+i) > 2Fj(Rk) for any i = 1, ...,JV. Then it 
holds i[>R k+ i(x) > 'tpRkix) f° r an y 2- ^ an( i V'-RfcC 2 -) — ^ 1 pointwisc as k — > oo. We constructed 
an increasing sequence of positive functions {g f \u\ p ip Rk }keN to which wc can apply Bcppo-Levi 
convergence theorem: 

I~ I g{x)f{x)\u{x)\ v dx = lim I Rk . (20) 

J R N fc-S-OO 

This gives I < C p , hence u G L p (f (x)g(x)dx) . Now we can apply Lcbcsguc convergence theorem 
to gain 

lim 4 < lim / g(x)f(x)\u(x)\ p dx = 0. 
R ^oo ' fl->oo Jq r \q» r 

H 1 

This concludes the proof, since I R < C (I R )* — > as i? — > oo so that 7 = thanks to (|2"0)) . hence 
u = a.c. since g{x)f{x) > a.e. □ 

Remark 10. Theorem [5] cannot be extended if D* has zero order term, namely ao(x) ^ 0. Indeed 

with the same notation of Theorem [3J we would have Q R = Q R , so that I R = I R and (fH)]) gives 

i 

I R < I R . The final convergence argument does not work except for the case Hq(R)Go(R) — > for 
R — > oo. On the other hand, H (R) = 1, and 

lim G (R) = lim / \a (x)f (g(x) f(x))-^~^ dx = [ \a (x)f (g(x) f(x))^ p '^ dx . 
R ^co R ^co j Qr j rN 

So that Ho(R)Gq(R) — > if and only if ao(x) = a.e. 

This means that g has to be taken, when it exists, such that the corresponding D* does not contain 
the zero order term. 
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2.2. The Cauchy Problem. Let us denote R™ +1 := [0, oo) x R n . Here we consider the Cauchy 
problem: 

(Lu = f(t,x)\u\P, t > 0, x £ R™ ^ 
)dfu(0,x)—Uj(x), j — 0, . . . , m — 1 
where Uj £ L\ oc for any j = 0, . . . , m — 1 and 



m— 1 



£=ar+x; *>Vx)9?\ (22) 

3=0 

with differential operators of order rrij £ N. We also put L m = 1. 

Let g(t, a;) > a.e. and let us define D = gL and Dj = gLj for j = 0, . . . , m — 1. Formally 

m 

D*v{t,x) := ^(-1)^ (£>J(t > s > V x )«(t,s)) , for any w £ C°°([0,oc) x R») . (23) 
3=0 

Here D m = D* m = g, and -D* = (gLj)* according to notation (j8]). 

For any j = 0, . . . , m, we assume that D*(t, x, V) is a differential operator with C J '([0, oo), £^ c ) 
coefficients. In particular we suppose g £ C ,n ([0, oo), Lj^ c ). 

Let £ C£°([0, oo)) be such that rj = 1 in some neighborhood of {t = 0}. Integrating by parts, we 
obtain 

r)(t)4>(x)Du(t,x)dxdt= ( f u(t,x) D* (rj(t)<j>(x)) dxdt 



E E(- 1 ) J_fc y R „ Vo, *)] (di- k D*m x, v*m*) dx , 



3=1 fc=l 

for any u £ C°°([0, oo) x R") and £ C C °°(R™). 

Definition 9. We say that u £ L\ oc is a ^-solution to (|2II) if |u| p /.g £ Lj^,, and for any 77 £ 

C£°([0, oo)) such that 7/ = 1 in some neighborhood of {t = 0} and for any £ C^°(R") it holds 



g(t,x)f(t,x) \u(t,x)\ p r](t)(j)(x)dxdt = / / u{t,x) D* (r)(t)4>{x)) dxdt - K (<j>) , 
where we put 

rn j . 

^oW^EEf- 1 ^ u fc _ 1 (x)(^'- fc Z»;)(0,s,V ie )^(x)d ! r ) (24) 



3=1 k=l 

with Uk-i(x) as in (|2ip. 

We remark that we are not assuming that L is a Kovalcvskian operator in normal form. Indeed 
L is a differential operator of order M := max{m, j + uij | j = 0, . . . , m — I}, possibly M > m. In 
order to state our result, analogously to Hypothesis [3J we assume that D* may be written as 

D*(t,x,V):= E a 6 (t,x)d?°dZ . (25) 

l<u + \a\<M 

Let us extend the notation of Section f2.1l for N = n + 1, denoting xq = t when it is convenient and 
x = (x Q ,x) £ M" +1 with x > and x £ R". We put 

Ci := {x £ R" +1 : x < I, \x % \ <l} = [0, /] x Q , 

and similarly 

F(R) := (F (R),F(R)) = (F (R),F 1 (R),...,F n (R)), 
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Q R := [0, F (R)] x Q R , Q R := [0, F (R)/2] x . 

We remark that detF(i?) = Fq(R) det F(R). We will consider test functions with separable 
variables, that is, 

n 

${x) = ^(t, s) = »?(t)^(x) = 77(t) J] . (26) 

with (/) as in Definition [7] and ?y satisfying 

• r ? eC r °°([0,+oo)); 

• »y([0,+oo)) C [0,1]; 

• supp 7] C [0, 1] 

• r, = 1 on [0,1/2]. 

This choice is consistent with our definition of C;, in particular supp?/' C C\ and i/>(t,x) = 1 for 
any (t,x) £ C 1/2 - 

For any 5 = (ao, a) 6 N n+1 , wc define 

Q^ 5) = Q^°' a) = {(x ,x) £ Q R : \xi\ > Fi(R)/2 , for any i = 0, . . . ,m such that a, ^ o| , 

n 

H S (R) = H M (R) = H(F(R))- a ' , 

2=0 

and for any ag as in (|25p we put 
GziR) = Gt a a \(R) = [ \} a °\ a fu ' vl'-i c ^ tfa: - 

Jq^ * 00 {g(t,x)f{t,x))p 1 

Theorem 3. Lei L(i, x, c*t, V^) 6e a differential operator, f(t,x) > a.e. andp > 1. Assume that 
there exists g(t,x) > a.e. such that D* does not contain a term of zero order. Let us assume 
that there exists F(R) such that 

limsupifaCR) Ga(R)^ < oo for any 1 < |a| < M . (27) 
Let (uq, u\, . . . , u m -i) be sufficiently smooth so that Uq £ L 1 where 

m j 

^(x) ■■=J2J2(- i y^( d t' k D ] )(0,x,V x )u k . 1 (x). (28) 
j=i k=i 

If 

J U (x)dx>0 (29) 
then there exists no global g-solution u(t,x) to (1211) in the sense of Definition® 

Remark 11. Analogously to Corollary [2J if g is sufficiently smooth then the non-existence result of 
^-solution in Theorem [3] implies a non-existence result of global weak solution. 

Remark 12. Here and in the examples we will not discuss the local existence result for the equation 
Lu = f(t,x) \u\ p . Theorem [3] as well as its applications means that either the local solution blows 
up or the local solution does not exist. No information is contained on the blow up mechanism. 

Remark 13. If u k £ W Mk ' 1 where M k = max{ rn,- \k < j < m - 1}, then Uq £ L 1 . 
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Remark 14. The expression of Uq simplifies if Dj are independent of t. For example this holds 
if .9 = an d L nas constant coefficient with respect to t. 

In particular if L\ = ■ ■ ■ = Lh = for sonic h = 1, . . . , m — 1 and Dj is independent of t for 
j = h + 1, . . . , m — 1 then condition (|29[) only involves the initial data Uh, ■ ■ ■ , u m —i, and no sign 
assumption is needed for uq, . . . , Ufe-i. More in general, the same property holds if L± = • • • = 
= and d{~ k Dj (0, x, V^) = for j = h + 1, . . . , m — 1 and k = 0, . . . , h. 

Proof. We follow the proof of Theorem [5] with minor modifications. 

Let u(t,x) be a g-solution to (|21[) . in the sense of Definition [5J Due to (p?5|) it follows that some 
data are not zero, so that it = is not a solution to ((2Tj) . We put 



/= / / g(t,x)f(t,x) \u(t, x)\ p dxdt £ [0, 



and we shall prove that 1 = 0. This gives absurd conclusion and the theorem follows. 
Being Uq eL 1 , it holds 

K {ct>) = [ U (x) (P(x) dx , (30) 



for any s C£°(R"). In particular, there exists R > such that K (tpn) > for any R > R. 
Therefore, if we put 

Ir~ / / g(t,x)f(t,x)\u(t,x)\ p i' R (x)T] R (t)dxdt, 

JO JM." 

then we obtain 

/i?<^ u(t,x)D* (r) R (t)i; R (x))dxdt, (31) 
for R> R. We can now follow the proof of Theorem [2 obtaining < (/Jj) ? where 

4 : = / / fl(t,x)/(t,x)|u(t,x)| ,, »7fl(t)Vfl(a;)da;tK. 

JF a (R,)/2 JQbXQ^ 

This implies J^j bounded with respect to i? and hence / finite since I Rk — > I for a suitable 
sequence Rk — > oo. One can apply Lebesgue convergence theorem and get P R — > 0. In turn, this 
gives I R — > as R — > oo, hence 1 = 0. □ 

Remark 15. Let (uq, u\, . . . , u m -\) be sufficiently smooth so that Uq is defined, not necessarily 
in L , and Uo(x) > a.e. Then inequality (j3Tj) still holds, as well as the nonexistence result in 
Theorem [3J 

3. proof of Theorem Q] 
In order to prove Theorem [T] we first prepare some instruments. 

Remark 16. As a consequence of @ we obtain 

liminf^(t) > 1. (32) 

t— »oo 

Indeed, there exist a sufficiently small S € (0,1) and T > such that b'(t)/b(t) 2 > —(1 — S) for 
any t>T. It is now sufficient to integrate in [T,t], obtaining 

1 1 ..... 
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hence 

5W > l/b{T) + {l-5)(t-T) • 

Remark 17. Combining ([22) with ©, we may prove that b'(t)/b(t) 2 < 1 for large t. Since b'(t)/b{t) 2 
is continuous, recalling @, we may conclude that 

\b'(t)\ < Cb 2 {t). (33) 

Remark 18. On the other hand, combining (|32|) with (|33)) and recalling ((3]), we derive 

— M m 

< 77T < — , (34) 



t ~ b(t) ~ t 

for some M > and m G [0, 1), for t > T with a sufficiently large T > 0. Integrating (f34|) in [i, Ai 
and taking the exponential, it follows 



A < W <A , (35) 

for any t >T and A > 1. 

Integrating O in [T, t] we get b(t) <Ct m for any t > T, where C = C(T, m). 

Remark 19. By using (|32[) we can prove that (3 S L 1 (0, oo) and that 

lim M = , (36) 
t->oo 6(f) v 7 

where (3(t) is defined in ((4|). Indeed, there exists S > and T > such that 

ex p(~J b( T )d T ^j <cxp^-(l + <5) J ^dr^j <t~( 1+5 \ 

for any t > T. Therefore /3 G L 1 . Moreover, b(t)//3(t) < Cf™-(i+<5) -> as i -> oo, due to 
Remark [HI 



e < V w < C for any t>T. (37) 



Remark 20. Thanks to ([33) and ©, there exist e,C > 0,T > such that 

b(t) 2 + fe'(t) 
&(*) 

In particular, b(t) 2 + b'(t) > 0, hence (3(t)/b(t) is strictly decreasing for t>T. 
Remark 21. We claim that: 



£(*) 

&(*) 

In order to prove p8|) . we may integrate the relation 



a W) = W) exp (~ L 6(r) dT ) ' for any 1 e [0 ' w) ' (38) 



(-§)-«>($H^ 



t>T. 



where the equivalence is a consequence of (|37[). and T > is the same found in Remark [201 Due 
to (H|, this gives us T(t) w P(t)/b(t) in [T, oo). On the other hand, T(t)b(t)//3(t) is a strictly 
positive continuous function in [0,T], and this concludes the proof of 



Remark 22. We claim that 

B(t) w t/6(t) , for any t g [0, oo). (39) 
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Similarly to Remark [5TJ using and (|M[) one can prove that 

-^V=J-fl-«^J- (40) 
b(t)J b(t) { b(t) ) &(£)' 1 1 

for any t > T, for a suitable T > 0. Indeed, from ([Ml) one can deduce — Mb(t) < tb'(t) for 
any £ > and for a suitable M > 0. It follows that t/b(t) is strictly increasing for £ > T, and 
that B(t) t/b(t) in [T, oo). On the other hand, the function £|&'(£)|/&(£) is continuous in [0,T], 
therefore there exists £o G (0,T] such that £|i>'(£)| /£>(£) < 1 for any £ e [0,£q], hence P0]) remains 
true in [0,£o] and £?(£) ~ t/b(t) in this interval. Finally, if £o < T, being B(t) and t/b(i) continuous 
strictly positive functions in [to, T], we can conclude that B{t) ss t/b{t) in [£o, T] too. This concludes 
the proof of ((55)) . 
Recalling (|55|) we get 

Al_m ~ w~ Al+M ' (41) 

for any t >T and A > 1. 

We are now ready to prove Theorem [TJ 

Proof. We define g{t) := T(£)//3(£); this is the solution to the following Cauchy problem: 

j-g'(t)+g(t)b(t) = l, £>0, 

W°) - ( } 

We remark that g € C 2 , since & G C 1 , therefore Remark [3] is applicable and we will establish non- 
existence results for the weak solution to ([1]). 

With this choice of g(t), putting D = g(t)(du — a(£)A + b(t)dt), we see that D* does not contain 
the zero order term: 

D* = g(t)d 2 t - g(t) a(£) A + (</(£) - l)d t . 

Moreover 

Uq(x) = (g(t)b(t)u (x) - g'(t)u (x) + ff(*)ui(a;)) t=0 = u (x) + j-ui(x) . 

Ol 

and the initial data condition © is equivalent to (|29l) . 

Let us define A : [0, oo) — > [0, oo) to be the inverse of the function B(t). It follows that A is strictly 
increasing and bijective. We set Fq(R) := A(R d ) with a suitable d > which we will choose later, 
and Fi(R) = R for any i = 1, . . . , n, so that 

H 2eo {R) = A{R d y 2 , H eo (R) = A(R d )~ 1 , H 2ei (R) = R~ 2 , i=l,...,n. 

By using the growth assumptions on f(t,x) and a(£), we obtain 

G2e (R)< g(t) B(t)-><* -V \x\- s( ?-Vdxdt, 

Ja(R1)/2 JQr 

Ja(r«)/2 {g{t)B(tp)p 1 J Qr 

rMR d ) , r 

G2e i {R)< g(t)B{t)-^ p -^- ap / \x\~ s( - p ~ 1] dxdt. 

JO JQr\Q R /2 

It is clear that 

\x\- 5{p '- 1} dx^ R n ~ Sip '- 1 \ 

Qr 
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since S(p' — 1) < n, thanks to the assumption 

p > 1 + - • (43) 
n 

By using (|3"5)) we have g(t) = T(t)/ (3{t) « l/b(t); recalling the definition of B{t) and A(s) it follows 

"A{R d ) r A(R d ) 1 

ff(t) B(t)" ap B{t)-^ p ~ 1] dt < / — B{t)~ ap ~~<( p - 1] dt 

Jo o[t) 

« S(<) 1 - Q3, '-" 1, ^'- 1 )| t=j4(ii d ) = ^(l-ap'-T(p'-l)) _ 

Indeed, ap' + 7(2/ — 1) < 1 thanks to the assumption 

(l-a)p>7+l. (44) 

We remark the assumption p > p m ; n in Theorem [1] implies (j4"3")l and 
Therefore we have 

G 2ei (-R) < i?«+ d - dQ p'-(d7+5)(p'-i) ) i = 1, . . . , n . 
To deal with Gi &0 we compute 

rA(R d ) f ^(i) 1 ^^- 1 ) | t=A(fli) if j( P > - 1) < 1, 

g(t)B(t)-rV-Vdt < \ \ogB(t)\ t=A{Rd) -logB(t)\ t=A{Rd)/2 if 7(^-1) = 1, 
A( ^ )/2 [i?W 1 ^ (p '- 1) | t =A(^)/ 2 if 7(P' - 1) > I- 

Recalling that A : [0, 00) — > [0, 00) is a strictly increasing, surjective function, and that d > 0, 
it follows that A(R d ) ->■ 00 as i? ->■ 00. Therefore we get B(A(i? d )) 5(A(i? d )/2) for large i?, 
thanks to (j^Tjl . Assuming (pfB")). in all the three cases we conclude that 

G 2eo (i?) < i?«+ d -( d 7+5)(p'-l) ; 

for large R. It remains to estimate G eo (R). By using 1 — g' = 2 — gfe and g « 1/6, see (|38p . it 
follows that 1 — is bounded. Hence 

M(-R d ) h _ n i( f \\p' , rMR d ) , 1 

/ r ,w_ B(t)~~<( p -v<tt< b(t) p — B(i)-^ p -Vdt , 

JA(R*)/2 9{t) P Ja(R*)/2 o(t) 

for a sufficiently large R. Now, we use (f3"5"j). In particular, we have 6(s) « for any s e [i/2, t] , 
for sufficiently large t, namely t > IT . Proceeding as before, we find 

G eo (R) < b{A(R d )) p ' R n+d - {d ~< +s ^ p '- l V , 

for large R. On the other hand, the equivalence (|3T))) implies b(A(R d )) w A(i? d ) so that we 
can conclude 

Ge {R) < {A(R d )) p ' Rn-(d+d 7 +S){p'-l) ^ 

for large R. Summarizing, 

H 2ei (R) (G 2ei (i?))F < R -2-da- d7 -s+^±^ j » = !,...,„, (45) 

H 2eo {R){G 2eo {R)y < A^)" 2 iT^-*" 2 * 5 *^ > (46) 

i? eo (i?) (G eo (i?))^ < R- d - d ~<- s + 7 , (47) 

for large R. But the estimate in (pTI)]) is better than the estimate in (|47[) . since R d < A(i? d ) 2 . 
Indeed, this is equivalent to S(i) < t 2 , which holds true due to (j3"5)) and (|32p . Looking for d > 
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such that the estimates in (|4"5"j) and (|T7)) are equal, we immediately find d = 2/(1 — a). 
Therefore condition (|2"T)) holds if 

N r n + d(l+j) + S d(l+j) + 5 2(1 + 7) 5 

d{l+j) + S> , i.e. p<l + - - =1+4; T + 

p' n nil — a) n 

By applying Theorem [21 we conclude the proof. □ 
3.1. Examples for the damping term. 

Example 3. Let us choose 

Ht) = -, — for some 11 > and k G (— 1, 11. (48) 

Being k 6 (—1, 1], Hypothesis [T] holds, provided that fj, > 1 if k = 1. Indeed 

&'(*) « ,. 1 f-l/i" if « = 1, 

hm . >NO = hm 77; = < 

t-S-oo (6(t)) 2 (j, t^oo (l+t)i-« |o if kg (-1,1), 

lim - A'^ = — ft lim 



t->oc 6(i) t->oo 1 + 1 

We notice that « t 1+K . 



Example 4. We may consider perturbations of (|48[) by taking 

6(t) = ; ^ ; V(t), 
W (l+t) K W ' 

where v e C 1 ([0, 00)) satisfies v(t) > and 



6(<) = - — v(t) , with it > and < |«| < 1, 
w (l + t) K w 11 



l im = _ (49) 

t-*» v(t) 



b'(t) K f l , (1 + *)«'(<) 



It immediately follows that 

6(i) " 1 + t V" KU W 
has the same asymptotic profile of — k/(1 + t), due to P5]) . Therefore 

hm ml = hm sup ■ 



lim , , . = — k . 

Assumption ([3]) is immediately satisfied, and assumption ^ trivially holds if v(t) also verifies 

lim (1 + t) 1 ~ K v(t) = +00. (50) 

t— >oo 

In particular, conditions and ([5TH) hold if 

u(t) = (log(e + f)r 

for any 7 G R. More in general, if it is an iteration of logarithmic functions, possibly with different 
powers, like as: 

«(i) = (log(e + (log(e + i)nr, or 

v(t) = (log(e + (log(e + (log(e + . . .))P)P)' n . 
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Conditions (gSJ) and O hold if v(t) = w((l + i)~ Q ) for some a > 0, where w : [0, 1] -> (0, oo) is a 
strictly positive, C 1 function. Indeed, w, l/w and w' are bounded functions, hence (f4"5j) and (fBTJ)) 
are satisfied. In this case, we still have B(t) « t 1+K . For instance, 

w(t) = l + (l+0"sin(l + t)- 2Q 

obtained by taking w(r) = 1 + for r £ (0, 1] and w(0) = 1. 

4. Examples 

In the statements of Theorems [2] and [3j for fixed p > 1 we check our assumptions on a suitable 
g. One can pose the question on the structure of the set of exponents p > 1 such that these 
assumptions hold. For a fixed g, it is evident that if the assumptions hold for p\ > 1 then they 
also holds for any 1 < p < p\. Hence one may look for the largest interval (l,p) or (l,p] such that 
the assumptions remain valid. The literature sometimes refers to the exponent p as critical Fujita 
exponent. In this Section, we will call these exponents Fujita-type, whereas by Fujita exponent 
we only means pF U j(n) := 1 + 2/n. Indeed, for semi-linear heat equation a nonexistence result for 
1 < p < ppuj(n) was provided by Fujita (T3J (see Example In the same paper one can find a 
global existence result for p > p p u j (n) and suitable initial data condition. 

We arc specially interested in Fujita-typc exponents p for which it is known an existence result 
for p > p. In such a case, we will say that they are critical. 

Let us remark that for the same equation one can find different exponents p for which the solution 
globally exists for p > p, according to which kind of solution one is interested in. The Fujita-type 
exponent is smaller than any possible existence exponent. In the critical case it coincides with an 
existence exponent. 

A typical example in this direction is given by the wave operator in dimension n > 3: the real 
numbers 

2 1 1 / / 1 1\ 2 2\ 1 / 2 n + 2 

PFuj(n-l) = 1+ r <pstr(n-l) = -+ 7+U + 71 + 7 1 <PSob(n) = 

n — 1 2re— l\\2n — 1/71 — 1/ n — 2 

are respectively the Fujita-type exponent, the critical exponent for small amplitude solution, the 

large data critical exponent, see [57]- This says that for suitable small data and for pF U j(n — 1) < 

p < pstr(n— 1) pointwisc solutions to %-Au = \u\ p do not exist but weak solutions may "survive". 

A general discussion on the critical exponents can be found in [9l [17] . 

We first see how taking g = 1 in Theorems [5] and [3] we find some already known nonexistence 

results for quasi-homogeneous operators. 

Example 5. Theorem [2] easily applies to quasi-homogeneous operators L such that L* contains no 
zero order terms. In particular, following [B], let us write x = (xi,X2), with Xj £ M. nj and A^+A^ = 
N. We assume that there exists (di,d,2,h), with di, d% > and h £ R, such that the symbol of L 
satisfies 

L(A- dl x- 1 ,A- d2 x 2 ,A di a,A d2 6) = \ h L(x u x 2 ,tub), (51) 

for any A > 0. Then we set F.^R) = R dl for i = 1, . . . , Aq and F^R) = R d ' 2 for i = Aq + 1, . . . , A. 
Using (|5"Tj) one can prove that 

L*S R = R- h S R L* . (52) 
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If we write L* as 

L*= a «(*)dS, 

l<|a|<m 

then each operator a a (x)d" satisfies (j5"Tj) - (j52")) . Therefore 

Ni N 

a a (x-F(R)) = h a (R)a a (x) 7 where h a {R) = R~ h ([[ R dia *) ( R d2a ') . 

i=l i=JVi+l 

Let us assume that f{x\,X2) ~ \x\\ 91 \x 2 \® 2 for some 9i,9 2 G R f and let g = 1. Since 

G a (R) < dot F(R) [ (h a (R)a a (x)) p ' (\R dl x 1 \ 01 \R d2 x 2 \ e2 )~ {p '~ 1) dx, (53) 

Ni N 

H a (R) = ([[R- d ^)( J] iT* -), (54) 

i=l i=JVi+l 

we derive the estimate 

where we put 9 — c?i #1 + d 2 #2 and d = di Ni + d 2 N 2 , for any 1 < [a| < m. Applying Theorem[5] 
we obtain a nonexistence result for the Liouville problem Lu = /|u| p , if 

d+9 9 + h , . 

^—h = 1 + —h> ™ 
provided that h 6 (—0, d). The bound on the exponent p is the same obtained in j6]. We remark 
that (j5"3"|) implicitly requires |xi X2 \~ 02 a a (x) G L^ c (|xi | Sl |a?2 \ 02 )- This may give a lower bound 
for the exponent p. 

Example 6. It is clear that the approach in Example [5] holds in the setting of Cauchy problem for 
quasi-homogeneous operators, provided that data satisfy (|29l) . 
According to Theorem [31 for the semilinear heat equation 

u t — Am = |u| p , u(0, x) = uq(x) , 

we find nonexistence of global solutions for any 1 < p < PFuj(^) = 1 + 2/n, provided that uo G X 1 
and 

uq(x) dx > . 



Indeed, the heat operator is quasi-homogeneous of type (2,1,2) in [0, 00) x M" . 
If one considers the Cauchy problem for the semilinear Schrodingcr equation 

Lu = iu t + Am = \u\ p , it(0, x) = Uo{x) , 

one finds again a nonexistence result for 1 < p < 1 + 2/n, provided that 5«o G L 1 and that 

Qmo(x) dx < . 



We address the interested reader to [Tl], where the same result is extended to nonlincarities of 
type A|u| p , where A is complex- valued. We remark that for p > 1 + 2/n the scattering theory of 
Schrodingcr equation becomes meaningful, see |26j . 
The classical semilinear wave equation 

Uu — Ait = \u\ p , u(0, x) = uq(x) it{(0, x) = u\{x) , 
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is also quasi-homogeneous of type (2,1,1) and we find Kato exponent PKat(^) = 1 + 2/(n — 1) = 
PFuj(« — 1), provided that u± £ L 1 and that 

u\(x) dx > . 

We remark that Kato's result of nonexistence is obtained in [16] by comparison method, so that it 
holds for a larger class of operators. 

In some cases estimate (|53[) can be refined to relax the restrictions on the exponent p. 

Example 7. Following Example [5] and [6], one can find a nonexistence result for the semilinear 
equation for the Grushin operator 

A x u + g- f {x)A y u = \x\ dl \y\ d2 \u\ p , 

where g 7 (x) is a homogeneous function of order 27 with 7 e 1, 1 £ l' for some 1 < k < N — 1 
and y £ WL N ~ k . We are dealing with a quasi-homogeneous operator of type (2, 1,1 + 7), so that 
the admissible range for p is given by 

f N + N+ ) . , 1 , 2 + 6, + (1 + 7)^2 
1 + max < — - — , > < p < 1 1 



N-kj r - N+(N-k)j-2 
if (k + 2j)p >k + 6i and (7, 6 1 ,6 2 ) satisfies 2 + 6>i + (1 + 7)6*3 > and N + (N - /c) 7 - 2 > 0. 

In particular, for k = 1 and 27 £ N*, we have the Tricomi Operator d xx + x 21 A y . We consider 
the Liouville problem 

m ix + ^v = M e M p , (56) 

where x £ R and y € K w ~\ N >2 and > -2. Since max{[0] + , [0 - 27] + } = [0] + , one obtains a 
nonexistence result for 

1 + [01+ < p < 1 + , 2 + 6> N . (57) 

L J y - JV + (iV - 1)7 - 2 v ; 

Let us see that the lower bound on p can be relaxed if we directly apply the estimate for G a given 
in (fT5)) . Fixed F{R) = (R d , R, . . . , R), for some d > 0, we compute 

^"^^{ir 2 ifa = 2e fc , fc > 2. 
Moreover, we can immediately estimate: 
G 2ei (R) « / (/(a, ^) ) -(p'-D^ ~ fl*f j (5g) 

G 2ek (R) ~ R d+N ^ f \xR d \'^ p '(f(xR d ))-^'- 1 Ux^ Rd+N-l+^dp'-d6(p'-l) ^ fc > 2) (59) 
J|s|<l 

provided that 27^' — (p' — 1)0) > — 1. We remark that we do not have intcgr ability problems in (l58l) 
due to the fact that we integrate in 1/2 < \x\ < 1. This approach represents an improvement with 
respect to the estimate ([571) . Taking d > such that the same exponent appears in ([58} and ([59[) , 
from Theorem [21 we get 

l+^ + < P <l+ / + * (60) 

1 + 2 7 N + (N — 1)7 — 2 1 ; 

provided that > — 2. We remark that for some 0,iV, 7 the previous range for p is empty. The 

same result holds for 

u xx + x 2l A y ii = f(x) \u\ p , 



A MODIFIED TEST FUNCTION METHOD FOR DAMPED WAVE EQUATIONS 19 

for any / such that f(x) > \x\ e . We remark that if f(x) > (x)~ for some > 1 in then 
assumption f(x) > \x\ s is verified for any 9 £ [1,0], hence the bound in (pD]) is replaced by 

1 < n < H . (61) 

y ~ N + (N-l)j-2 y ' 

Condition (|60|) improves from below the range of admissible expoenents p for Grushin operators 
with nonlinearities \x\ with respect to [5J. Let us come back to the original question posed by 
Deng and Levin in §5 in [9]. Taking a nonlincarity in the form 

f(x)\u\ p = \x w \ 61 ... \x {k) \ ek \u\ p 

where £ R^j and Ni + . . . + = N, we may obtain more admissible exponents for a 
quasi-homogeneous operator with constant coefficients, with respect to the approach in [5J. This 
improvement is a consequence of the choice of using nonradial test functions in the form (jlll) . 
Indeed, in this way, for any a £ N w such that d"x^ — for some j and for any k — l,...,Nj, 
the domain of G a absorbs potential singularities coming from \x&\ e i if 6j > 0. 

Example 8. We notice that no sign assumption on the coefficients plays a particular role in Ex- 
ample [71 therefore the result of nonexistence is still valid for u xx — x 21 A y u = \x\ e \u\ p . As a 
consequence we may study the Cauchy problem 

' u tt - t 2 ~>Au = f(t) \u\p t £ [0, oo) and x £ W n 

u(0,s) = uo(aj), (62) 
u t (0,x) = u\(x) , 

where f(t) is a positive function satisfying f(t) > t s for some 9 > —2. If u\ £ L 1 and 

ui(x) dx > , 
then there exists no global weak solution to (|6"2"T) if 

1+ g_j2i:< p < 1+ "+ 2 (63 ) 

I + 27 n + U7 - 1 

For 7 = we find again Kato exponent PKat(i-)- 

Even if an operator is quasi-homogeneous, it may happen that L* contains a term of order zero. 
In this case, Theorems [5] and [3] come into play if one finds a function g such that D* = (gL)* docs 
not contain zero order terms. In the next example D* will also remain quasi-homogeneous. 

Example 9. Let us consider the Cauchy problem 

(Lu = d: n u- Au+t±t = \u\p t>0,xeR n 
I djf u(0,x) = Uk(x) , k = 0, . . . , m — 1 , 

where A > 0, in space dimension n > 3. Assuming u m -i(x) > a.c. and defining 



/(n-2) 2 . n-2 
s(n,X) :=y V 4 ' +X --g- 

in [TU] it was proved that there exists no global solution to for 



K P < 1 + s— ^ 771— ■ ( 65 ) 

n-2 + s + 2/m v ; 
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According to Remarks [TH and 1151 we may obtain the same result using Theorem [31 provided 
that s > 1, that is, A > n — 1. Indeed, if u is a (/-solution, we may set Fq(R) = R™ , Fi(R) = R 
for i = 1, . . . , n, and = |ic | s . Therefore 

-A. 9 + A 9 = o, (66) 

so that 

D* = g{x){-l) m d? - g(x)A - Vg{x) ■ V 

does not contain terms of order zero. We notice that the assumption s > 1 comes into play to 
guarantee that D* has L™ c coefficients. Moreover, we may replace the assumption u m -\{x) > 
by taking u TO _i G L l {g{x)dx) and 

g{x)u m -i{x) dx > . 

Stretching a little bit Theorem [3j we may also consider the case A G [0, n — 1], in particular if we 
assume u rn -i(a;) > and we want to prove the non existence of weak solution. 

Remark 23. We remark that for m = 2 in (|65|) one finds 

K P < 1 + \— ■ 

n — 1 + s 

The upper bound gives Kato exponent PKnt(n) = 1 + 2/(n — 1) if A = 0, and it can be considered 
like a Kato exponent modified by the influence of the mass term if A > 0. We remark that s > 0, 
so that it is worse than pK&t{n). Similarly for m = 1 the relation (|65[) becomes 

2 



1<P<1 

n + s 

which is a Fujita modified exponent. Moreover in |10) it is shown that this exponent is critical, 
that is, there exist global positive solutions to (|64[) for m = 1. 

If we add a mass term in the form a(t) A/|cc| 2 to the damped wave equation in (fTJ), then we can 
use again a modified test function method. Moreover, in this case we are no more dealing with 
quasi-homogeneous operators. 

Example 10. Let b(t) be as in Hypothesis [1] and let us consider the Cauchy problem 
'u tt -a(t)Au + b(t)ut + a(t)A ! u = f(t,x)\u\ p , t>0, 

u{0,x)=u o (x), (67) 

^U t {0,x) = 

where n > 3 and A > n — 1. Now we may apply Theorem [3] with g = 51 (t) 172 (^) where gi (i) = 
r(t)/ft(t) as in the proof of Theorem[TJ and #2(2;) = |a;| s as in Examplc[5] 
By virtue of P2"| and (f6"6")h we have 

£>* = g(t, x)d 2 t - g(t, x) a(t)A + g 2 {x) {g[(t) - l)d t - a(t) gi {t)Vg 2 (x) ■ V . 

We claim that if 

• < a(t) < B(t)- a for some a < 1, 

• f(t,x) > B{t)"i \x\ s for some 7 > -1 and S e R, 
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as in Theorem [TJ then there exists no global solution for 

(h + a}+ [5]+ 1 2 A + 7 S\ 

l + max II L-U- <p<l + — — (- L + r , 68 

|_ 1 — a n + sj n + s \ 1 — a 2 / 

provided that uq,u\ 6 L 1 (g2(x)dx) and 

172(3;) (ui(a;) + 6iM (a;))(ia; > . 



Indeed, it is sufficient to follow the proof of Theorem [TJ replacing 

\x\' s{p '' 1} dx with / \x\ s - s< - p '- 1] dx 



in the estimates for G2 eo ,G eo and for i = 1, ...,n. Moreover, we have to consider the new 
terms 

•>0 JQr\Qr/2 

for any i = 1, . . . , n. Since s — <5(p' — 1) > 1 thanks to setting again d = 2/(1 — a), we may 
then arrive at the estimate 

for any a = 2ei, e^, for i = 0, . . . , n. Therefore we can apply Theorem [31 proving our claim. 
If 7 = —a, as in Example [T] and S > —2, then (JSHJ) becomes: 

1 + -^!— <p< 1 + . 

n + s n + s 

For 6 = we have nonexistence for 1 < p < 1 + 2/(n + s), the Fujita exponent modified by the 
influence of the mass term, as in Remark 1231 

Remark 24. An analogous result can be obtained for the Liouville problem associated to the 
equation 

A 



d yy ± a(y)Au + b{y)u y ± a(t) — —u = f(y,x) \u\ p , yeK, x 6 



with a, 6, /, A satisfying the same assumptions of Example 1101 One obtains a nonexistence result 
for any p in the range (|68p , by replacing N = n + 1 as usual. 
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